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ABSTRACT
Geometry constrains but does not dictate the topology of the 3–dimensional space.
In a locally spatially homogeneous and isotropic universe, however, the topology of
its spatial section dictates its geometry. We show that, besides determining the ge-
ometry, the knowledge of the spatial topology through the circles–in–the–sky offers
an effective way of setting constraints on the density parameters associated with dark
matter (Ωm) and dark energy (ΩΛ). By assuming the Poincare´ dodecahedral space
as the circles–in–the–sky detectable topology of the spatial sections of the Universe,
we re-analyze the constraints on the density parametric plane Ωm– ΩΛ from the cur-
rent type Ia supenovae (SNe Ia) plus X-ray gas mass fraction data, and show that
a circles–in–the sky detection of the dodecahedral space topology give rise to strong
and complementary constraints on the region of the density parameter plane currently
allowed by these observational data sets.
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1 INTRODUCTION
The standard approach to cosmological modelling com-
mences with the assumption that our 3–dimensional space is
homogeneous and isotropic at large scales. The most general
spacetime metric consistent with the existence of a cosmic
time t and the principle of spatial homogeneity and isotropy
is
ds2 = −dt2 + a2(t) [dχ2 + f2(χ)(dθ2 + sin2 θdφ2)] , (1)
where f(χ) = (χ , sinχ, sinhχ) depending on the sign of
the constant spatial curvature (k = 0, 1,−1), and a(t) is
the cosmological scale factor. The metric (1) only express
the above assumptions, it does not specify the underlying
spacetime manifold M4 nor the corresponding spatial sec-
tions M . In this geometrical approach to model the physical
world the dynamics of the Universe is clearly provided by
a metrical theory of gravitation as, for example, General
Relativity.
The Friedmann equation k = H20a
2
0 (Ωtot − 1 )1 makes
apparent that the curvature (or the corresponding geome-
try) of the spatial section M of the Universe is an observable
in that for Ωtot > 1 the spatial section is positively curved,
for Ωtot = 1 it is flat (k = 0), while for Ωtot < 1 it is nega-
⋆ E-mail: reboucas@cbpf.br
† E-mail: alcaniz@on.br
1 The total density at the present time t0 is Ωtot = ρtot/ρcrit
with ρcrit ≡ 3H
2
0/8piG, and a0 and H0 are, respectively, the scale
factor and the Hubble parameter at t0.
tively curved. Thus, a chief point in the search for the (spa-
tial) geometry of universe is to constrain the density Ωtot
from observations. In the context of the current standard
cosmological model, i.e., the ΛCDM scenario, this amounts
to determining regions in the density parametric plane Ωm –
ΩΛ , which consistently account for the observations, and
from which one expects to infer the spatial geometry of the
Universe.
In practice, to observationally probe the spatial geom-
etry of the Universe, by using, e.g., a single observational
data set as the current type Ia supenovae (SNe Ia) obser-
vations, various degeneracies arise in the parametric plane
Ωm – ΩΛ (Riess et al. 2004). These degeneracies are mit-
igated by either imposing reasonable priors, or combining
the data with complementary observations, or both. An
example in this regard is the combination of the current
Supernovae Ia (SNIa) compilation (Riess et al. 2004) with
the Sloan Digital Sky Survey (SDSS) galaxy power spec-
trum (Tegmark et al. 2004) and the cosmic microwave back-
ground (CMB) measurements by the Wilkinson Microwave
Anisotropy Probe [WMAP] (Bennet et al. 2003; Spergel et
al. 2003), which has remarkably narrowed the bounds on the
cosmological density parameters Ωm and ΩΛ. Besides being
sensitive to different combination of the density parameters,
these measurements probe the geometry of the Universe at
considerably different redshifts (typically z < 2 for SNe Ia
or z ∼ 1100 for CMB).
However, the spatial geometry constrains but does not
dictate the topology of the 3–space M , and although the
spatial section M is usually taken to be one of the simply-
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connected spaces, namely Euclidean R3, spherical S3, or
hyperbolic H3, it is a mathematical result that great ma-
jority of locally homogeneous and isotropic 3–spaces M are
multiply-connected quotient manifolds of the form R3/Γ,
S3/Γ, and H3/Γ, where Γ is a fixed-point free group of
isometries of the corresponding covering space. Thus, for ex-
ample, for the Euclidean geometry (k = 0) besides R3 there
are 6 classes of topologically distinct compact orientable
spaces M that can be endowed with this geometry, while
for both the spherical (k = 1) and hyperbolic (k = −1)
geometries there are an infinite number of topologically in-
equivalent manifolds with non-trivial topology that can be
endowed with each one of these geometries.
Now since the spatial geometry is an observable that
constrains but does not determine the topology of the 3–
space M , two pertinent questions at this point are whether
the topology may be an observable and, if so, to what extent
it can be used to remove or at least reduce the degeneracies
in the density parameter plane Ωm – ΩΛ , which arise from
statistical analyses with data from current observations.
The main aim of this paper, which extends and com-
plements our previous work (Reboucas et al. 2005), is to
address these questions in the context of the ΛCDM sce-
nario, by focusing our attention on the finite and positively
curved Poincare´ space model (Luminet et al. 2003) that ac-
counts for the suppression of power at large scales observed
by WMAP(Bennet et al. 2003; Spergel et al. 2003), and also
fits the WMAP temperature two-point correlation function
(Aurich et al. 2005a; 2005b; Gundermann 2005). In other
words, we shall show how to use the Poincare´ dodecahe-
dral space as a circles–in–the-sky observable topology of the
Universe2 to reduce the inherent degeneracies in the den-
sity parameters Ωm and ΩΛ that arise from the so-called
gold set of 157 SNe Ia, as compiled by Riess et al. (2004),
along with the latest Chandra measurements of the X-ray
gas mass fraction in 26 galaxy clusters, as provided by Allen
et al. (2004).
2 COSMIC TOPOLOGY
In a number of recent papers different strategies and meth-
ods to probe a non-trivial topology of the spatial section of
the Universe have been discussed (see, e.g., Lehoucq et al,
1996; Roukema and Edge, 1997; Gomero et al., 2002; Fa-
gundes and Gausmann, 1999; Uzan et al, 1999; Hajian and
Souradeep, 2005; Hajian et al., 2005; and the review articles
Lachie`ze-Rey and Luminet, 1995; Starkman, 1998; Levin,
2002; Rebouc¸as and Gomero, 2004). An immediate observa-
tional consequence of a detectable non-trivial topology3 of
the 3–space M is that the sky will show multiple (topologi-
cal) images of either cosmic objects or repeated patterns of
the cosmic microwave background radiation (CMBR). Here,
we shall focus on the so-called “circles-in-the-sky” method,4
2 Here, in line with the usage in the literature, by topology of
the universe we mean the topology of the space-like section M .
3 For a detailed discussion on the extent to which a non-trivial
topology may or may not be detected see Gomero et al. 2001a;
2001b; Weeks et al., 2003; Weeks, 2003.
4 For details on the other CMB ’approaches to cosmic topology’
see, e.g., Levin et al., 1998; Bond et al., 2000; Hajian and T.
which relies on multiple copies of correlated circles in the
CMBR maps (Cornish et al. 1998), whose existence is clear
from the following reasoning: in a universe with a detectable
non-trivial topology, the sphere of last scattering necessarily
intersects some of its topological images along pairs of circles
of equal radii, centered at different points on the last scatter-
ing sphere (LSS), with the same distribution of temperature
fluctuations, δT , along the circles correlated by an element
g of the covering group Γ. Since the mapping from the last
scattering surface to the night sky sphere preserves circles
(Penrose, 1959; Calva˜o et al., 2005), these pairs of matching
circles will be written on the CMBR anisotropy sky maps re-
gardless of the background geometry and for any non-trivial
detectable topology. As a consequence, to observationally
probe a non-trivial topology on the available largest scale,
one should suitably scrutinize the full-sky CMB maps in or-
der to extract the correlated circles, whose angular radii and
relative position of their centers can be used to determine the
topology of the universe. Thus, a non-trivial topology of the
space section of the universe may be an observable, which
can be probed through the circles in the sky for all locally
homogeneous and isotropic universes with no assumption on
the cosmological density parameters.
Regarding the question as to whether the topology can
be used as an observable to reduce degeneracies in the cos-
mological density parameters, we first note that the topol-
ogy of a locally homogeneous and isotropic 3–manifold de-
termines the sign of its curvature (see, e.g., Bernshtein and
Shvartsman, 1980), and therefore the topology of the spatial
section M of the Universe dictates its geometry. As a con-
sequence, the detection of a generic cosmic topology alone
would give rise to a strong degeneracy on both density pa-
rameters, since it only determines whether the density pa-
rameters take values in the regions below, above, or on the
flat line Ωtot = Ωm + ΩΛ = 1.
In what follows we examine to what extent a combina-
tion of the circles–in–the–sky detection of a specific spatial
topology, namely, the Poincare´ dodecahedral space topol-
ogy (which accounts for some observed anomalies in WMAP
CMB data) with the current SNIa and galaxy clusters mea-
surements may reduce the intrinsic density parameter de-
generacies of the Ωm – ΩΛ plane.
2.1 Poincare´ Dodecahedral Space Model
The Poincare´ dodecahedral space D is a manifold of the
form S3/Γ in which Γ = I⋆ is the binary icosahedral group
of order 120. It is represented by a regular spherical dodeca-
hedron (12 pentagonal faces) along with the identification of
the opposite faces after a twist of 36◦. Such a space is pos-
itively curved, and tiles the 3–sphere S3 into 120 identical
spherical dodecahedra.
By assuming some priors and combining CMB data
with other astronomical data, the WMAP team reported
(Spergel et al. 2003) both the best fit value Ωtot = 1.02±0.02
(1σ level), which includes a positively curved universe as
a realistic possibility, and account for the suppression of
Souradeep, 2003; Oliveira-Costa et al. 1996; 2004; Dineen et al.
2004; Donoghue and Donoghue, 2004; Copi et al. 2003; Hipolito-
Ricaldi and Gomero, 2005.
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power at wide angles (ℓ = 2 and ℓ = 3). These facts have
motivated the suggestion by Luminet et al. (2003) of the
Poincare´ dodecahedral space topology as an explanation for
the apparent discrepancy between the ΛCDM concordance
model and WMAP data. Since then, the dodecahedral space
has been examined in some works (Cornish et al, 2004;
Roukema et al., 2004; Aurich et al, 2005a; 2005b; Gunder-
mann, 2005), in which some further features of the model
have been carefully considered. As a result, it turns out that
a universe with the Poincare´ dodecahedral space section ac-
counts for the suppression of power at large scales observed
by WMAP, and fits the WMAP temperature two-point cor-
relation function for 1.015 6 Ωtot 6 1.020 (Aurich et al,
2005a; 2005b), retaining the standard Friedmann–Lemaˆıtre–
Robertson–Walker (FLRW) foundation for local physics.5
On this observational grounds, in what follows, we assume
the Poincare´ dodecahedron as the specific circles–in–the-sky
detected 3–space topology of the Universe.
3 OBSERVATIONS
3.1 Method
An important class of manifolds with a non-trivial topol-
ogy is comprised by the globally homogeneous manifolds.
These manifolds satisfy a topological principle of (global)
homogeneity, in the sense that all points in M are topo-
logically equivalent. In particular, in these spaces the pairs
of matching circles of the circles–in–the–sky method will be
antipodal, as shown in Figure 1.
The Poincare´ dodecahedral space (PDS) D is glob-
ally homogeneous, and gives rise to six pairs of antipodal
matched circles on the LSS, centered in a symmetrical pat-
tern as the centers of the faces of the dodecahedron. Fig-
ure 1 gives an illustration of two of these antipodal circles.
Clearly the distance between the centers of each pair of cir-
cles is twice the radius rinj of the sphere inscribable in D.
Now, a straightforward use of a Napier’s rule to the right-
angled spherical triangle shown in Fig. 1 furnishes a relation
between the angular radius α and the angular sides rinj and
radius χlss of the last scattering sphere, namely
χlss = tan
−1
[
tan rinj
cosα
]
, (2)
where rinj is a topological invariant, equal to π/10 for
the dodecahedral topology, and the distance χlss to the
origin in units of the curvature radius, a0 = a(t0) =
(H0
√
|1− Ωtot| )−1 , is given by
χlss =
dlss
a0
=
√
|Ωk|
∫ 1+z
1
dx√
x3Ωm + x2Ωk + ΩΛ
, (3)
5 A preliminary search failed to find the antipodal and nearly an-
tipodal matched circles with radii larger than 25◦. This absence
of evidence of correlated may be due to several causes, among
which it is worth mentioning that Doppler and integrated Sachs-
Wolfe contributions to these circles may be strong enough to blur
them, and so the correlated circles can have been overlooked in
the CMB maps search (Aurich et al., 2005a). In this way, the ‘ab-
sence of evidence may not be evidence of absence’, specially given
that effects such as Sunyaev-Zeldovich and the finite thickness of
the LSS, as well as possible systematics in the removal of the
foregrounds, can further damage the topological circle matching.
α
χ l
ss
r inj
Figure 1. A schematic illustration of two antipodal matching
circles in the sphere of last scattering. These pair of circles
come about in all globally homogeneous positively curved man-
ifolds with a detectable topology through the circles–in–the–sky
method. The relation between the angular radius α and the an-
gular sides rinj and χlss is given by the following Napier’s rule
for spherical triangles: cosα = tan rinj cotχlss
where dlss is the radius of the LSS, x = 1+z is an integration
variable, Ωk = 1−Ωtot, and zlss = 1089 (Spergel et al. 2003).
Equations (2) and (3) give the relations between the
angular radius α and the cosmological density parameters
ΩΛ and Ωm, and thus can be used to set bounds on these
parameters. To quantify this we proceed in the following
way. Firstly, we assume the angular radius α = 50◦, as es-
timated by Aurich et al (2005a). Secondly, since the mea-
surements of the radius α unavoidably involve observational
uncertainties we take, in order to obtain very conservative
results, δα ≃ 6◦, which is the scale below which the circles
are blurred (Aurich et al, 2005a).
3.2 Statistical Analysis
In order to study the effect of the PDS topology on the para-
metric space Ωm – ΩΛ , we use the most recent compilation
of SNe Ia data, the so-called gold sample of 157 SNe Ia, re-
cently published by Riess et al. (2004) along with the latest
Chandra measurements of the X-ray gas mass fraction in 26
X-ray luminous, dynamically relaxed galaxy clusters span-
ning the redshift range 0.07 < z < 0.9, as provided by Allen
et al. (2004). We emphasize that this particular combina-
tion of observational data covers complementary aspects of
the Ωm – ΩΛ plane, in that while X-ray measurements are
very effective to place limits on the clustered matter (Ωm)
the new SNe Ia sample tightly constrains the unclustered
component (ΩΛ).
c© 2004 RAS, MNRAS 000, 1–??
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Figure 2. The results of our statistical analyses. The panels show confidence regions (68.3% and 95.4% c.l.) in the Ωm – ΩΛ plane
from the latest Chandra measurements of the X-ray gas mass fraction in 26 galaxy clusters (0.07 < z < 0.9) plus determinations of
the baryon density parameter, measurements of the Hubble parameter and the gold sample of 157 SNe Ia. In the left panel a specific
circles–in–the–sky detection of the dodecahedral space topology with α = 50◦, δα = 6◦ is assumed. The best fit values for the matter and
vacuum density parameters are, respectively, Ωm = 0.30 ± 0.04 and ΩΛ = 0.79 ± 0.03 at 95.4% c.l., which provides Ωtot ≃ 1.09 ± 0.05.
In the right panel the conventional SNe Ia plus X-ray analysis is shown for comparison.
3.3 fgas versus redshift test
The X-ray gas mass fraction test [fgas(z)] was first intro-
duced by Sasaki (1996) and further developed by Allen et
al. (2002a;2002b) (see also Ettori et al. 2003; Lima et al.
2003; 2004; Chen and Ratra 2004; Zhu and Alcaniz 2005;
Alcaniz and Zhu 2005). This is based on the assumption
that rich clusters of galaxies are large enough to provide a
fair representation of the baryon and dark matter distribu-
tions in the Universe (Fukugita et al. 1998). Following this
assumption, the matter content of the Universe can be ex-
pressed as the ratio between the baryonic content and the
gas mass fraction, i.e., Ωm ∝ Ωb/fgas. Moreover, as shown
by Sasaki 1996, since fgas ∝ d3/2A the model function can be
defined as (Allen et al. 2002a)
fmodgas (z) =
bΩb(
1 + 0.19
√
h
)
Ωm
[
2h
dE−dSA (z)
dΛCDMA (z)
]1.5
, (4)
where the bias factor b is a parameter motivated by gas dy-
namical simulations that takes into account the fact that
the baryon fraction in clusters is slightly depressed with re-
spect to the Universe as a whole (Eke et al. 1998; Bialek et
al. 2003), the term 0.19
√
h stands for the optically luminous
galaxy mass in the cluster and the ratio between the angular
diameter distances dE−dSA (zi)/d
ΛCDM
A (zi) accounts for devi-
ations in the geometry of the Universe (here modelled by
the ΛCDM model) from the default cosmology used in the
observations, i.e., the Einstein-de Sitter (E-dS) model (see
Allen et al. (2004) for more observational details).
In order to perform the fgas test, three Gaussian priors
are added to our analysis, namely, on the baryon density
parameter, Ωbh
2 = 0.0224 ± 0.0009 (Spergel et al. 2003),
on the Hubble parameter, h = 0.72 ± 0.08 Freedman et al.
(2001), and on the bias factor, b = 0.824± 0.089 (Eke et al.
1998; Bialek et al. 2003). Thus, the total minimization χ2fgas
is written as
χ2fgas =
26∑
i=1
[
fmodgas (zi)− fgas, i
]2
σ2fgas, i
+
[
Ωbh
2 − 0.0224
0.0009
]2
+
+
[
h− 0.72
0.08
]2
+
[
b− 0.824
0.089
]2
, (5)
where fmodgas (zi) is given by Eq. (4) and fgas, i is the observed
values of the X-ray gas mass fraction with errors σfgas, i .
3.4 Magnitude versus redshift test
Supernovae observations provide the most direct evidence
for the current cosmic acceleration. To perform a statistical
analysis with the current supernovae data we first define
the predicted distance modulus for a supernova at redshift
z, given a set of parameters s, i.e.,
µp(z|s) = m−M = 5logdL + 25 , (6)
where m and M are, respectively, the apparent and ab-
solute magnitudes, the complete set of parameters is s ≡
(h,Ωm,ΩΛ) and dL stands for the luminosity distance (in
units of megaparsecs).
The set of parameters s is estimated by using a χ2 statis-
tics, with
χ2SNe =
157∑
i=1
[
µip(z|s)− µio(z|s)
]2
σ2i
, (7)
c© 2004 RAS, MNRAS 000, 1–??
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where µip(z|s) is given by Eq. (6), µio(z|s) is the extinc-
tion corrected distance modulus for a given SNe Ia at zi,
and σi is the uncertainty in the individual distance moduli,
which includes uncertainties in galaxy redshift due to a pe-
culiar velocity of 400 km/s (For more details on statistical
analyses involving SNe Ia observations we refer the reader
to Padmanabhan and Choudhury, 2003; Zhu and Fujimoto,
2003; Nesseris and Perivolaropoulos, 2004; Alcaniz, 2004; Al-
caniz and Pires, 2004; Choudhury and Padmanabhan, 2005;
Shafieloo et al., 2005).
3.5 Topological constraint
Similarly to the Gaussian priors added to the fgas test, the
Poincare´ dodecahedral space topology is included in our sta-
tistical analysis as a prior relative to the value of χlss, which
can be easily obtained from a elementary combination of
Eqs. (2) – (3). In other words, the contribution of the topol-
ogy to our statistical analysis is a term of the form
χ2topology =
(χThlss − χObslss )2
(δχlss)2
, (8)
where χThlss is given by Eq. (2) and the uncertainty δχlss
comes from the uncertainty δα of the circles–in–the–sky.
This means that the total χ2total minimization function is
given by
χ2total = χ
2
fgas + χ
2
SNe + χ
2
topology. (9)
4 RESULTS AND DISCUSSIONS
The left panel in Figure 2 shows the results of our statis-
tical analysis. Confidence regions – 68.3% and 95.4% confi-
dence limits (c.l) – in the parametric space Ωm – ΩΛ are dis-
played for the particular combination of observational data
described above. For the sake of comparison, we also show
in the right panel the Ωm – ΩΛ plane for the conventional
SNe Ia plus Galaxy Clusters analaysis, i.e., the one without
the above cosmic topology assumption. By comparing both
analyses, it is clear that our initial premiss that a circles–
in–the–sky detection of a non-trivial space topology reduces
considerably the parametric space region allowed by the cur-
rent observational data, and also breaks some degeneracies
arising from the current SNe Ia and X-ray gas mass fraction
measurements. The best-fit parameters for this SNe Ia+X-
ray+Topology analysis are Ωm = 0.30 and ΩΛ = 0.79 with
the reduced χ2ν ≡ χ2min/ν ≃ 1.12 (ν is defined as degree
of freedom). Note that such a value of χ2ν is slighly smaller
than the one obtained by fitting the gold sample of SNe Ia
to the flat ΛCDM (concordance) scenario, i.e., χ2ν ≃ 1.14,
and equal to the value found for the ΛCDM model with ar-
bitrary curvature (Riess et al, 2004). At 95.4% c.l. we also
obtain 0.26 6 Ωm 6 0.34 and 0.76 6 ΩΛ 6 0.82 providing
Ωtot ≃ 1.09 ± 0.05, which is consistent at 2σ level with the
value reported by the WMAP team, i.e., Ωtot = 1.02± 0.02
at 1σ (Spergel et al 2003). Note also that the above best-fit
scenario is in full agreement with most of the current ob-
servational analyses (see, e.g., Roos (2005) for an updated
review) and corresponds to a current accelerated universe
with qo ≃ −0.64 and a total expanding age of 9.67h−1 Gyr.
Finally, we also note that for values of the angular radius in
the range 0◦ 6 α 6 90◦, Eq.(2) (for, e.g., Ωm = 0.28) gives
the interval 1.01 . Ωtot . 1.3, making clear that the very de-
tection of first 6 pairs of circles predicted by the Poincare´ do-
decahedral space topology would restrict the allowed range
for the total density parameter. This sensitivity of α with
the value of Ωtot was recently discussed by Roukema et al.
(2004), and reinforced by Aurich et al (2005a). Clearly, ad-
ditional limits on the total density arise when one assumes
a specific value of α and a related uncertainty δα.
5 CONCLUDING REMARKS
By assuming the Poincare´ dodecahedral space as circles–
in–the-sky detected topology of the spatial sections of the
Universe, we have re-analyzed the constraints on the para-
metric space Ωm – ΩΛ from the current SNe Ia and X-ray
gas mass fraction data. As the main outcome of this anal-
ysis, we have shown that once detected the PDS topology
along with the corresponding circles–in–the-sky, they give
rise to very strong and complementary constraints on the
region of density parameter plane currently allowed by the
cosmological observations. We have also discussed how the
degeneracies inherent to a joint analysis involving SNe Ia
observations and X-ray gas mass fraction measurements are
drastically reduced by the assumption of a circles–in–the-sky
detection of a PDS topology. According to Eq.(2), the main
reason for this breakdown of the degeneracies is the sensitiv-
ity of the angular radius with the total density parameter.
Finally, our results also indicate that cosmic topology may
offer a fruitful strategy to constrain the density parameters
associated with dark energy and dark matter.
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